We introduce the notion of stringy E-function for an arbitrary normal irreducible algebraic variety X with at worst log-terminal singularities. We prove some basic properties of stringy E-functions and compute them explicitly for arbitrary Q-Gorenstein toric varieties. Using stringy E-functions, we propose a general method to define stringy Hodge numbers for projective algebraic varieties with at worst Gorenstein canonical singularities. This allows us to formulate the topological mirror duality test for arbitrary Calabi-Yau varieties with canonical singularities.
Introduction
Topological field theories associated with Calabi-Yau manifolds predict the following Hodge-theoretic property of mirror manifolds [23] :
If two smooth d-dimensional Calabi-Yau manifolds V and V * form a mirror pair, then their Hodge numbers must satisfy the relations
In particular, one has the following equality for the Euler numbers e(V ) = (−1) d e(V * ).
The relation (1) is known as a topological mirror symmetry test [21] . The physicists' discovery of mirror symmetry has been supported by a lot of examples of mirror pairs (V, V * ) consisting of Calabi-Yau varieties with Gorenstein abelian quotient singularities [18] . Some further examples of mirror pairs (V, V * ) consisting of Calabi-Yau varieties with Gorenstein toroidal singularities have been proposed in [1, 2, 4, 8] . It is important to remark that a priori it is not clear how to formulate the topological mirror symmetry test for Calabi-Yau varieties with singularities, because (1) does not hold for usual Hodge numbers of V and V * , if at least one of these Calabi-Yau varieties is not smooth. For this reason one needs to define some new Hodge numbers, so called string-theoretic Hodge numbers (or simply stringy Hodge numbers) h 
Let us fix our terminology. In this paper we consider the following most general definition of Calabi-Yau varieties with singularities: Definition 1.1 A normal projective algebraic variety X is called a Calabi-Yau variety, if X has at worst Gorenstein canonical singularities and the canonical line bundle on X is trivial. Remark 1.2 One usually requires that the cohomologies of the structure sheaf O X of a CalabiYau variety X satisfy some additional vanishing conditions
But, in the connection with the mirror symmetry, we don't want to restrict ourselves to these additional assumptions.
So far, our approach to the topological mirror symmetry test consisted of the following steps: At first, one chooses a type of Gorenstein canonical singularities which are allowed to exist on Calabi-Yau varieties. Then, one defines the notion of stringy Hodge numbers h p,q st for CalabiYau with the allowed singularities. Finally, one proves (3) for already known examples mirror pairs (V, V * ) of Calabi-Yau varieties with the allowed singularities. The definition of stringy Hodge numbers for projective algebraic varieties with Gorenstein abelian quotient singularities or with Gorenstein toroidal has been introduced in [3] and all steps of the above program has been succesfully accomplished for Calabi-Yau complete intersections in toric varieties in [5] .
One could naturally ask whether there exists a way to define stringy Hodge numbers for projective algebraic varieties with arbitrary Gorenstein canonical singularities. One of purposes of this paper is to show that in general the answer is "no". Nevertheless, we show that there always exists a way to formulate the topological mirror symmetry test for Calabi-Yau varieties with arbitrary Gorenstein canonical singularities. Our main idea consists of the association with every projective variety X with at worst Gorenstein singularities some rational function E st (X; u, v) ∈ Z[ [u, v] ] ∩ Q(u, v), which we call stringy E-function. If E st (X; u, v) is a polynomial, then the coefficients of this polynomial define the stringy Hodge numbers h p,q st (X) by the formula
If E st (X; u, v) is not a polynomial, then we say that stringy Hodge numbers of X do not exist. But even in this bad situation we could think about E st (X; u, v) as if it were a generating function for Hodge numbers of a smooth projective manifold, i.e., as
In particular, we will see that the function E st (X; u, v) always satisfies the following Poincaré duality:
Moreover, one can always formulate the topological mirror symmetry test for a mirror pair (V, V * ) of d-dimensional Calabi-Yau varieties with arbitrary singularities as the equality
whenever the stringy Hodge numbers of V and V * exist or not. This is exactly the form in which the topological mirror symmetry test for Calabi-Yau complete intersections in toric varieties has been proved in [5] .
The paper is organized as follows. In section 2 we introduce stringy E-functions and discuss their properties. In section 3 we compute these functions for toric varieties. In section 4 we give further examples of E-functions and formulate some natural open questions.
Basic definitions and notations
Let X be a normal irreducible algebraic variety of dimension d over C, Z d−1 (X) the group of Weil divisors on X, Div(X) ⊂ Z d−1 (X) the subgroup of Cartier divisors on X, Z d−1 (X) ⊗ Q the group of Weil divisors on X with coefficients in Q, K X ∈ Z d−1 (X) a canonical divisor of X. We denote by b i (X) the rank of the i-th cohomology group with compact supports H i c (X, Q). By the usual Euler number of X we always mean
The groups H 
In particular, one has e(X) = E(X; 1, 1). Recall the following fundamental definition from the Minimal Model Program [19] : Definition 2.1 A variety X is said to have at worst log-terminal (resp. canonical ) singularities, if the following conditions are satisfied:
(ii) for a resolution of singularities ρ : Y → X such that the exceptional locus of ρ is a divisor D which consists of smooth irreducible components D 1 , . . . , D r with only normal crossings, we have
with a i > −1 (resp. a i ≥ 0) for all i, where D i runs over all irreducible components of D.
Stringy Hodge numbers
Definition 3.1 Let X be a normal irreducible algebraic variety with at worst log-terminal singularities and ρ : Y → X a resolution of singularities as in 2.1. We set I := {1, . . . , r} and
for any subset J ⊂ I. We define an algebraic function E st (X; u, v) in two variables u and v as follows:
(it is assumed j∈J to be 1, if J = ∅). We call E st (X; u, v) stringy E-function of X.
Remark 3.2
Since all a i ∈ Q, but not necessary a i ∈ Z, E st (X; u, v) is not a rational function in u, v in general. On the other hand, if all singularities of X are Gorenstein, then the numbers a 1 , . . . , a r are nonnegative integers (i.e. X has at worst canonical Gorenstein singularities), and therefore E st (X; u, v) is a rational function. Moreover, it is easy to see that
Definition 3.3
In the above situation, we call the rational number
the stringy Euler number of X.
The key technical statement concerning the definitions of E st (X; u, v) and e st (X) is the following: Proof. The idea of the proof of this theorem based on an interpretation of the formula for E st (X; u, v) as a some sort of a "motivic nonarchimedian integral" over Y of the ρ-pullback of a "nonarchimedian measure" on X, which imitates properties of p-adic measure on Z p -points of algebraic schemes over Z p (see [11] ). Moreover, this motivic integral doesn't change its value if we replace X by any its dense Zariski open subset U . Choosing U sufficiently small, we conclude that its value doesn't depend on the choice of the desingularizarion ρ : Y → X. Some details of this idea can be found in [14, 15] . The independence of e st (X) on the choice of a desingularization can be proved by the same method as in [12, 13] 2
Our next statement shows that although E st (X; u, v) is not necessary a polynomial, or even a rational function, it satisfies the Poincaré duality as in the case of usual E-polynomials of smooth projective varieties. Theorem 3.6 (Poincaré duality) Let X be a projective Q-Gorenstein algebraic variety of dimension d with at worst log-terminal singularities. Then E st (X; u, v) has the following properties:
Proof. (i) Let ρ : Y → X be a resolution with the normal crossing exceptional divisors D 1 , . . . , D r . Using the stratification
Applying the last equality to each closed stratum D J ′ , we come to the following formula
Now we can rewrite the formula for E(X; u, v) as follows
It remains to remark that each term of the last sum satisfies the required duality, because
(the last equation follows from the Poincaré duality for smooth projective subvarieties
(ii) By substitution u = v = 0 in the expression for E st (X; u, v) in the proof of (i), we obtain
It remains to use the equality E(Y ; 0, 0) = 1, which follows from the Poincaré duality for Y . 2 Definition 3.7 Let X be a projective algebraic variety with at worst Gorenstein canonical singularities. Assume that E st (X; u, v) is a polynomial:
Then we define the stringy Hodge numbers of X to be 
Theorem 3.11 Assume that a Q-Gorenstein algebraic variety with at worst log-terminal singularities X admits a projective birational morphism
Proof. Let α : Z → Y a resolution of singularities of Y such that the exceptional locus of the birational morphism α is a divisor D with normally crossing irreducible components D 1 , . . . , D r . We have
The composition α • ρ : Z → X is a resolution of singularities of X and we have
if one writes
, we obtain the same formulas for the E-functions of Y and X in terms of the desingularizations ρ • α and α, i.e., E st (X; u, v) = E st (Y ; u, v). The last statement of this theorem follows immediatelly from 3.5. 2
Stringy E-function of toric varieties
Let us consider the case when X is a normal d-dimensional Q-Gorenstein toric variety associated with a rational polyhedral fan Σ ⊂ N R = N ⊗ R, where N is a free abelian group of rank d. Denote by X σ the torus orbit in X corresponding to a cone σ (codim X X σ = dim σ). Then the property of X to be Q-Gorenstein is equivalent to the existence of a continious function ϕ K : N R → R ≥0 satisfying the conditions (i) ϕ K (e) = 1 , if e is a primitive integral generator of a 1-dimensional cone σ ∈ Σ (ii) ϕ K is linear on each cone σ ∈ Σ.
The following statement is well-known in toric geometry (see e.g. [7] ): 
Corollary 4.2 Any normal Q-Gorenstein toric variety has at worst log-terminal singularities.
Let σ • be the relative interior of σ (we put σ • = 0, if σ = 0). We give the following explicit formula for the function E st (X; u, v):
Proof. Let ρ : X ′ → X be a toric desingularization of X defined by a regular simplicial subdi- 
Let Σ ′ (∅) be the subfan of Σ ′ consisting of those cones σ ′ ∈ Σ ′ which do not contain any element of {e 
In particular, one has
The smoothness of X ′ implies that σ J ∩ N is a free semigroup with the basis {e ′ j } j∈J . For this reason, we can express the power series
as a product of |J| geometric series:
Hence,
Combining (4), (5) and (6), we come to the formula
, then the value of ϕ K is 1 on all elements of {e ′ i1 , . . . , e i k } and therefore
On the other hand, if
since the value of ϕ K is 1 on all elements of {e
It remains to apply (7) and use the fact that Σ ′ is a subdivision of Σ, i.e., Proof. According to [22] , X is Gorenstein in and only if ϕ K (n) ∈ Z for all n ∈ N . By 4.3, it is sufficient to prove that (uv − 1)
is a polynomial in uv for any σ ∈ Σ. The latter follows from the fact that
is a polynomial in t of degree dim σ [10] . 2 Recall the following definition introduced by M. Reid [22] 
Now we observe the following:
Proposition 4.9 Let X be an arbitrary normal Q-Gorenstein toric variety defined by a fan Σ. Then the stringy Euler number e st (X) equals vol(Σ). In particular, one always has e st (X) ∈ Z.
Proof. By 3.11, it is enough to prove the statement only for the case of a simplicial fan Σ (one can always subdivide an arbitrary fan Σ into a simplicial fan Σ ′ such that shed Σ = shed Σ ′ ). Let σ ∈ Σ be a d-dimensional simplicial cone with primitive lattice generators e 1 , . . . , e d . Then vol(σ) is equal to the index of the subgroup in N generated by e 1 , . . . , e d . By a direct computation, one obtains that lim
Now if σ ∈ Σ be a k-dimensional simplicial cone with primitive lattice generators e 1 , . . . , e k (k < n). Then, as in the previous case k = d, we compute that
is a positive integer. Therefore,
It remains to apply 4.3. X0 for some positive integers k, l. We define X to be the cone over X 0 in a projective embedding defined by L, i.e., X is obtained by the contraction to a singular point p ∈ X of the section D in the
Let us compute the function E st (X; u, v) by considering the contraction morphism ρ : Y → X as a desingularization of X. By a direct computation, one obtains
i.e., X has at worst log-terminal singularities. Since the stratum X \ p = Y \ D is isomorphic to the total space of the line bundle L over X 0 , we have E(X \ p; u, v) = (uv)E(X 0 ; u, v).
Using the isomorphism X 0 ∼ = D, we obtain E st (X; u, v) = E(X \ p; u, v) + uv − 1 (uv) k/l − 1 E(X 0 ; u, v) = = E(X 0 ; u, v) uv + uv − 1 (uv) k/l − 1 = (uv) k/l +1 − 1 (uv) k/l − 1 E(X 0 ; u, v).
Therefore, one has e st (X) = k + l k e(X 0 ). The function E st (X; u, v) is not a polynomial and e st (X) ∈ Z for d ≥ 4. In particular, stringy Hodge nmbers of X do not exists if d ≥ 4. If d = 3, then E st (X; u, v) equals (uv +1)((uv) 2 +uv +1) and we obtain h 1,1 (X) = h 2,2 (X) = 2, e st (X) = 6.
It is natural to ask the following:
Question 5.3 Does there exist an example of a 3-dimensional algebraic variety X with at worst canonical Gorenstein singularities such that E st (X; u, v) is not a polynomial?
Remark 5.4 It is known that canonical Gorenstein singularities of surfaces are exactly ADErational double points, which always admit crepant desingularizations. By 3.11, E st (X; u, v) is a polynomial and e st (X) ∈ Z for arbitrary algebraic surface X with at worst canonical singularities. One can prove that e st (X) ∈ Z also for arbitrary algebraic surface X with at worst log-terminal singularities.
